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The investigation of the generalized coherent states for oscillator-like systems connected 
with given family of orthogonal polynomials is continued. In this work we consider oscil- 
lators connected with Meixner and Meixner-Pollaczek polynomials and define generalized 
coherent states for these oscillators. The completeness condition for these states is proved 
by the solution of the related classical moment problem. The results are compared with 
the other authors ones. In particular, we show that the Hamiltonian of the relativistic 
model of linear harmònic oscillator can be thought of as the linearization of the quadratic 
Hamiltonian which naturally arised in our formalism. 
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1 Introduction 

The interest to construction and investigation of coherent states for oscillator-like systems 
connected with a family of orthogonal polynomials has been grown in the late years (see, for 
example, pQ-[22]; there is the numerous bibliography in reviews |23j-|24j). 

In works |2Sj-[SSl we suggested a new method for constructions of oscillator-like systems 
(or, to put it briefly "oscillator"), which are connected with a family of orthogonal polyno- 
mials just as the usual boson oscillator with Hermite polynomials. This approach contains 
the construction of the generalized coherent states for such oscillators. In the previous works 
we considered the generalized coherent states for oscillators related to the classical orthogonal 
polynomials (Laguerre Legendre [21], Chebyshev [2E], Gegenbauer jSÜ]) and the Hermite 
q-polynomials [32]-|3~4"]. 

We describe in brief the essential points of our approach. Firstly, we put the recurrent 
relations for these polynomials in a symmetrical form [HE] (with symmetrical Jacobi matrix) 
by a renormalization of these polynomials. Secondly, by Standard way [33] we introduce the 
(generalized) coordinate and momentum operators, the associated ladder operators of creation 
and annihilation and quadratic Hamiltonian which spectrum is defined by the coeficients of 
(symmetrized) recurrent relations for considered polynomials. In this way we define the oscil- 
lator connected with given polynomials. Realizing the creation and annihilation operators for 
constructed oscillator as a differential (or a difference) operators (see j2Hj), we get a differential 
(or a difference) equation for eigenvectors of the above quadratic Hamiltonian. As a rule, (for 
known systems of orthogonal polynomials) this equation is equivalent to the Standard second 
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order differential (or difference) equation for these polynomials. It is natural to consider this 
equation as an analogue of the Schròdinger equation for oscillator being investigated. 

Next we introduce generalized coherent states of Barut-Girardello type [SE]) as the eigen- 
states of the annihilation operator for constructed oscillator. To prové the (over)completeness 
of this family of states we have solve an appropriate classical moment problem. The measure 
which worked out this moment problem is employing in resolution of unity for the constructed 
family of the coherent states. For the classical polynomials (both depending on a continuous, 
and on a discrete variable) the arised classical moment problem is determined and its solution 
not need much effort. However for the deformed polynomial systems more difficult undeter- 
mined moment problem sturt up (see JS^-JSïï]). In this case we used the results of research of 
this problem obtained together with P.P.Kulish in Elo) . 

Note that the derived explicit form of coherent states for generalized oscillators associated 
with orthogonal polynomials allows to calculate the vàlues of some physically interesting quan- 
tities (such as, for example, Mandel parameter) for such systems. 

If there is the dynamical symmetry group (or àlgebra) for constructed oscillator-like system, 
it is possible to define the Perelomov type coherent states in the Standard way jïïTj (as action 
of the unitary shift operator on the fixed state vector). Recali that for the Standard boson 
oscillator connected with the Heisenberg group the Barut-Girardello coherent states coincide 
with coherent states of the Perelomov type, as well as with the states minimizing the Heisenberg 
uncertainty relation. However this is not so in the more complicated cases. 

It is essential for possible applications that the suggested construction of oscillator-like 
systems and related coherent states allows to pick up for given energy spectrum a suitable 
family of orthogonal polynomials (such that the coefficients of recurrent relations for these 
polynomials determine the spectrum of the Hamiltonian) diagonalising Hamiltonian of this 
system. In this way we bypass a difficult factorisation problem for Hamiltonian of this system. 

Further note that together with classical orthogonal polynomials and their deformed anà- 
logues in physical researches of last years the growing attention is given to discrete polynomials 
(such as, for example, Hahn polynomials 38J- 39J), satisfying not a differential but a difference 
equation. After the publication of the works |40j-|41j. where the continual anàlogues of such 
polynomials (that is the polynomials which argument is extended to continuous vàlues, the 
orthogonality relation is written by an integral, and, finally, the index is continued in complex 
plane) was introduced, the connection of these polynomials (and also the Meixner and Meixner 
- Pollaczek polynomials jSJ-jlE!) with the Heisenberg group was founded |42|-|43|. So it is nat- 
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ural to investigate the oscillator-like systems defined by these polynomials. Attempts of such 
construction ' was undertaken in the work ^ïïj (Meixner and Meixner-Pollaczek polynomials) 
and in [IB] (Hahn polynomials). The Pollaczek polynomials were involved in the description 
of the wave functions of relativistic model of linear harmònic oscillator in the frame-work of the 
quasi-potential approach. (For more details on this model and its variants we refer the reader 



This model was used also in ^0], where Hamiltonian (which spectrum depends linearly on 
n) was defined. In this work for the case of Meixner and Meixner - Pollaczek polynomials 
Barut - Girardello coherent states are constructed and it was shown that sp(2,R) is dynamical 
symmetry àlgebra of considered model and that the Hamiltonian is one of the generators of 
this àlgebra. That allows to define Perelomov type coherent states for this model. 

Because the Meixner and Meixner-Pollaczek polynomials fulfill three-terms recurrent rela- 
tion, the construction of oscillator-like systems described above is also applied to them. In the 
present work we shall construct these oscillator-like systems and define the generalized coherent 
states (both Barut - Girardello type and Perelomov type) for these systems. 

We shall show, in particular, that Hamiltonian of the model, considered in |lüj . can be 
thought as a linearization of quadratic Hamiltonian, naturally arising in our approach. Note 
that the connection of the Meixner oscillator (at specific value of parameter ip — ~) with 
the relativistic model of linear oscillator [52] was mentioned in the work [10] . However this 
connection was not obvious and the reasons of appearence of specific value of parameter ip — | 
were not clear because of absence of the appropriate calculations. In the given work we shall 
analyze this connection and show, that only for vàlues of parameter ip = | + kir Hamiltonian 
of the Meixner oscillator coincide with Hamiltonian of the quasi-potential model of relativistic 
oscillator from [40] . 

2 Meixner oscillator 
2.1 Meixner polynomials 

Let us remember, that a generalized hypergeometric series r F s defined by 



to EHl-jSIl)- 




(1) 
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where the shifted factorials (Pochhammer symbols) are given by 
(a) = 1, (a) h = a(a + ï)(a + 2)...(a + k-ï) 
For (3 > and < 7 < 1 the Meixner polynomials 



r(q + fc) 
V(a) ' 



(2) 



-n,-í 



1 - ^ 

7 



M ç (n;/?, 7 ). 



(3) 



M n (£;/?, 7 )= 2 F M , 

form two-parameter polynomial family n — 0, 1, 2, . . . , fulfilling the orthogonality relation 

00 

p M {m) M n {m; j3, 7) M fc (m; 0, 7) = 4 5 nfc , (4) 

m=0 

with respect to the weight function 



p M (m)(0 



where the value of a square of norm is given by 



7 "(^)n(l - 7)" ' 

These polynomials also fulfill the recurrent relations 



(5) 



(6) 



[n + (n + /?) 7 - (1 - T )C] M n (£; /?, 7) = (n + ^7^+1^; £ 7) + 7) • (7) 



The difference equation for Meixner polynomials looks like 



m + PK' + - (1 + 7)(e + /) + (1 - 7)(n + -/?)] M n (£; /?, 7) = 
The reproducing functions for Meixner polynomials have the forms 



n=o ^' V 7/ 

n=0 ' ^ ' 



(9) 
(10) 



To get a symmetrical form of recurrent relations (JZJ) we (following [HE]) define the renormal- 
ized Meixner polynomials 



M„(Ç;A 7 ) 



M„(£;/?, 7 ) 



with 



co = 1, 



7 



-n/2 



n! 



n > 1, 



(12) 



and where we take into account, that Mo(£;/3, 7) = 1. Then polynomials M n (£; 7) satisfy 
canonical three-term recurrent relations with symmetrical Jacobi matrix 

£M n (£; (3, 7) = &„M n+ i(£; (3, 7) - a n M„(Ç; 7) + b n ^M n ^; (3, 7) (13) 

M (Ç;/3,7) = 1, (14) 

which coefncients are defined by the formulas 

ò-i=0, b n = ^Xry/(P + n)(n + l), a n = n+{n + í3)l , n > 0. (15) 
7 — 1 7 — 1 

Let us remark that Jacobi matrix defined by the relation (JT3j) has a nonzero diagonal and the 
appropriate moment problem is determined 

For normalized Meixner polynomials M n (£;/3, 7) the orthogonality relation (jlj) takes the 
form 

00 

^ p A/ (0 M„(Ç; 7) M m (£; /?, 7) = 5 nm (16) 

with the weight function 

^(0 = ^(1-7)'. (17) 

The left hand side of the relation (|Tïï|) can be rewritten as integral over the discrete measure 
with carriers in the points £ = 0, 1, 2, . . . and the loadings given by (|17|). 
Now we define Meixner functions 

P, 7) = (-i) n VWií) M n & (3, 7) , (18) 

which satisfy in the space TCff := £ 2 the discrete orthogonality relations 

00 

J2^n(tï;P,i)^&Pn) = 6 nm , (19) 

or (in view of symmetry of Meixner polynomials (jïï))) the orthogonality relations 

EV^(e;A7)^;A7) = %- (20) 

n=0 

2.2 Meixner oscillator 

We will introduce the Hilbert space 7i M := £ 2 (p M ) with weight function p M (j!7j) and the basis 
^n(£j /^j 7) r ■ 7Y M be the same space 7í M with the basis < M n (£; /9, 7) ? , where 

J n=0 l J n=0 

M n (í-(3, 1 ) = (-l) n M n (t-(3 ll ). 
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The polynomials M n satisfy the recurrent relations 

(-£)M n (£; (3, 7) = ò„M n+1 (£; (3, 7) + a n M„(Ç; (3, 7) + ^M^fé; 0, 7). (21) 
Further we define urther the following unitary transformations 

V^.Uf ^Ü M U 1 <p=^= = £e'H M ; (22) 

v p aí 

U 2 :H M ^H M U 2 M n = M n , n = 0,1,2,...; (23) 

£/ : ft^ -f 7Í A/ U=U 2 oU 1 . (24) 

Following [33], we define "coordinate" X and momentum P operators by their action on 
r — -1 00 

elements of basis \ M n (£; /3, 7) > in Hilbert space 7ï M according to formulas 

l J n=0 

IM ((; /5, 7) = boMx{£, (3, 7) - a M (Ç; 0, 7) , 
IM„(^, 7 ) = í) n M n+1 (^ )7 ) - fl n M n K;A7) + LÀ-ifó At), n > 1; (25) 

pm (£; /3, 7) = -^oMk(e; 7) - a M (e; A 7) , 

?M n (e; 7) = i (fen-iM^!^; 7) - b„M„ + i(Ç; A 7)) - a n M n (£; /3, 7), n>l. (26) 

Now we define oscillator-like system, which we shall name Meixner oscíllator, by introducing 
the generalized coordinate X and the generalized momentum P 

X :=Re(X - P), P := -üm(X - P), (27) 

and creation and annihilation operators 

~ a+:= M* + iP ï' ~ a "^7=2^-' p )- (28) 

The Hamiltonian of the Meixner oscillator we choose in the form 

H M = X 2 + P 2 . (29) 
It is follows from the work 35, that a spectrum of the Hamiltonian looks like 



A = 2b 2 = 2(3 



_\/7_ 
7-1 



2 



\ n = 2{b 2 _ l + b 2 ) = (JfzÇ) (n 2 + nf3+±(3), n > 1. (30) 
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Note that it is possible to define in the Hilbert space 7i M the Meixner oscillator connected 
with polynomials M n by similar considerations. However, from ([25 )1 - ([29 )1 it follows that these 
oscillator s coincide. 

In just the same way as in [35] it is possible to show that the eigenvalue equation H M y = X n y 
is equivalent to the difference equation 

n(l - l)y(0 = 7(£ + 0)V(H + 1) - [£ + (£ + PhHO + m - 1)> 2/(0 = M n (Ç; /3, 7 ), (31) 

which it is natural to call the Schròdinger equation of constructed Meixner oscillator. (Note 
that the equation (fïïTj) is another form of the equation (jHJ)). 

We point out one essential difference of our Meixner oscillator from ones considered in ^Hj ■ 
The Meixner oscillator Hamiltonian from Jü] in the space Tí^f has the following form 

H M (0 = ^ U + \(3\ - ^ [me 9 ' + M£ - l)e" 9í ] , MO = ■ (32) 

Its eigenvalues are linear in n 

l· j in = n + ^f3, n = 0,1,2,..., (33) 
whereas the spectrum of the Hamiltonian H M has quadratic dependence on n (see (03)) in 

o 

our case. The eigenvalue equation of Hamiltonian H (£) (j32|) can be written as a difference 
equation (coinciding with (jHJ) and (j3~T|) ) 



7(É + £ )e* + £ e"* - (1 + 7 )(Ç + ~£0 + (1 - l){n + \(3) 



M n (£;/?, 7 ) = 0. (34) 



3 Dynamic symmetry àlgebra and connection of Hamil- 
tonians H and H 

In the Hilbert space 7i M we shall define operators 

K^:= l -^a\ K M :=^a-, K ■ = \[K M , K«] , (35) 

o 

and define a new Hamiltonian H = \JH M \J~ X = Kq . It is possible to show that operators 
K^ 1 , K_ , íÍq give realization of commutation relations 

[K M , tff] = ±Kg, [K m , K™} = (36) 
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of sp{2, R) àlgebra. 

o o 

In the work [Tü] the following realization of generators K+ = U^ 1 K^ I U and K M ;= U~ X K^XJ 

o 

as difference operators (in space 7í M ) was given 



1 — 7 1 — 7 1 — 7 \ 2 



1 — 7 1 — 7 1 — 7 \ 2 / 

Let = U 2 l K^U 2 and # M = U 2 l H M U 2 are the generators of àlgebra sp(2, R) in the space 
7í M , which are connected to generators from 10] by unitary transformation 

K-f = U X K% U{\ K M = U X K M XJ^\ H M = U í HMUr 1 . (39) 

From (jÏÏ21), (EB and (jÏÏHI) it follows that 

KU = ±L (f + ,) * + - ( { + i„) , ,40, 



k m = ^ { ç + p) ^ + ^L!_£ e -<* - _v_L C + * (4i) 
1 — 7 1 — 7 1 — 7 y 2 



# M = ^ ( £ + ^ J - ^- (C + 0) - T^—té-* . (42) 
1 — 7\ 2/ 1 — 7 1 — 7 



On elements M n of the basis in the space TC these operators act by the following formulas 

K?M n = fi(n)M n+1 , K M M n = /i(n - l)M n - U H M M n =(n + ~/3 J M n , (43) 



and on elements M n of the basis in the space H by 

i^M n = -fi(n)M n+1 , K**M n = -ufa - l)M n _ 1; H M M n =[ n + ^f3)M n . (11) 



2 

The cartesian generators AT^, of the àlgebra sp(2,R) and the Cazimir operator C 2 are 
defined by the relations 

K 2 M = -\iK» + K M ) = -^T^) M0«* + MOe^MO) + T^(Ç + (46) 
C 2 = (K M f = (ÍT M ) 2 - (Kf 1 ) 2 - (Í7 2 M ) 2 = (Í7 M ) 2 - Í^ M - K^K M = i/9(i/3 - J). (47) 

Selfadjoint Hamiltonians H = U 2 1 H M U 2 and H M in the Hilbert space 7ï M have the same 
set of eigenfunctions < M n (£; /3, 7) \ and are connected with each other by the relation 

l J n=0 



/:/ =777/317 ((^) 2 -(^) 2 ). 
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Hence, the self-adjoint Hamiltonians H M and H M in the Hilbert space 7i M are connected with 
each other by same relation 

H M = {{H M f - {K M f) . (49) 

This formula gives an interesting connection of our Hamiltonian with Hamiltonian for general- 
ized harmònic oscillator model in the approach used in [TÜ] . 



4 Barut - Girardello coherent states for Meixner oscil- 
lator 

4.1 Definition of coherent states 



By definition, Barut - Girardello [36J coherent states for Meixner oscillator are eigenstates of 
annihilation operator a~. Let \n) = M n (£;/3, 7) denote the elements of the Fock basis (the 
oscillator basis) in Fock Hilbert space (the space of filling numbers) 7i M . Then we have 



00 

z 

a \z 



)=*\z), \z)=^- 1 (\z\ 2 )J2 f A m I w >' ( 5 °) 

„=o lv26 n _ij! 

where coefficients b n are determined by the formula (|15J1 and we introduce the notation 

(v^6_i)! = l, (y2b n y. = 2H b 1 -...-b n _ 1 , n>\. (51) 
For normalizing factor N(\z\ 2 ) one obtains 



00 



\ z \2n « /(l_ 7 )2\n \ z \2n 



Because the series in (152)) has infinite convergence radius R = 00, this series converges on all 
complex plane. 

From the formula (JT5|l it follows that 

^'-(^)"<^-(^)"=^ 

Taking into account an explicit expression for Bessel function of the 1-kind 

I a (2^z) := z Yl wf I mV ( 54 ) 
^— ' ml m + a + 1 

m=0 v 7 

10 



we receive 



N^(\z\ 2 ) 



(i-7) 2 y (/3-1) m 



2 7 J \z\P~ 1 

It allows to rewrite expression (J5U|) for the coherent state in the following way 

à 09-1) 



7) 



z\). 



(55) 



(1-7) 2 
27 



nl 



7 



27 



(56) 



V 1 (2Íi^|,|)r(/?)j 2 «=0 

Using the reproducing function (jlUj) for Meixner polynomials, we can evaluate the series in the 
formula (|56j) . This allows to obtain explicit expression for Barut - Girardello coherent state of 
Meixner oscillator 



27 



r(/3) 7^(2^1*1) 



27 



exp 



1-7 



27 



i^i 



For overlapping of two coherent states we obtain 



27 



(5f 



^ 1 17 v V27 

Note, that for a = (3 — 1 and 7 = 2 — ^f3 this expression coincides with similar one for coherent 
states of Laguerre oscillator (see the formula (24) from [SI])- Note also that taking into account 
the relation ()17j) for Meixner function, we obtain 



V>f (£; P, 7) = (-i)>o(C; 7) M n (Ç ; /?, 7), ^ M (£; /?, 7) = J - 7)" • (59) 

So our expression for the coherent state is in agreement with the relation (69) from Atakishiev 
a.o. work [TO], (if we take into account, that in work Jüj are considered not normalized coherent 
states). 



4.2 Proof of the (over)completeness for constructed family of coher- 
ent states 

The most important property of the family of coherent states is the (over)completeness property 
that can be expressed as validity of the resolution of unity relation 



\z)(z\ W(\z\ 2 )d 2 z = 1. 
To check this formula it is necessary to construct a measure 

dfi(\z\ 2 ) = W(\z\ 2 )d 2 z. 



(60) 



(61) 
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It is known J2| - [IH] that for this purpose we have to solve the Stieltjes classical moment 
problem jSSl EH] 



where 



W{x) = %&, (x=\zf). (63) 



Taking into account the formula (6.561.16) from [S3j, we find 

2 (l- 7 )2 /(l- 7 ) 2 X^/ 3 - 1 ) 1-7 ^ 

Then 



W(\z\ 2 ) = ± ^ Kp. x {2-=Jr\z\) Ip- X (2-=±\z\) , (65) 

7T7 -^27 



and we obtain for a measure (|61|) the expression 



dfi(\z\ 2 ) = X>_!(2Í=I|«|) I /ï _ 1 (2Í-_2|z|) d 2 ,. (66) 

7T7 a/27 



For ex — /3 — 1 and 7 = 2 — v^3 this result coincides with similar expression for the case of 
Laguerre polynomials [3Tj . 



5 The Perelomov coherent states for Meixner oscillator 

The Perelomov coherent states connected with dynamical àlgebra su(l|l) in a case of the 
Meixner oscillator can be defined by 

|C) = (1 - \C\ 2 ) ¥ exp(C^)M)(e,/3,7) = (1 - \C\ 2 ) ¥ £ J^M n (C,(3,l)C, (67) 

n=0 

where Ç G C and |£| < 1. Using the reproducing function (jTQj) for Meixner polynomials and 
taking into account relations (jllj) - (jl2j) . we find 

ió = (i - \c\ 2 ) ¥ E^M n (e,/3, T )(v7C) n 

n=0 

= (1-|C| 2 ) |/3 (l-^) 5 (l-v^0^. (68) 

This result coincides with the relation (75) in ^ü]. For overlapping of coherent states (jüSj) we 
receive the expression 

(CilC2>= [(i-|Ci| 2 )(i-K 2 r)] |/3 (i-OC 2 ) _/3 , (69) 
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which also coincides with the similar result from |10j . 

To prové the overcompleteness property it is necessary to find a measure from resolution of 
unity for these states. It brings us to a moment problem 

í°° rú 
7T / x n W(x)dx = — — , n = 0,l,.... (70) 

Jo [P)n 

Using the formula (3.251.1) from |54j . we receive 

W(x) = ^^(l-xf- 2 . (71) 

7T 

Hence the measure (jfilj) looks like 

d "«' 2 ' - -^jéwY- (72) 

For /3 — a + 1 this result also conform with the similar relation for the case of Laguerre 
polynomials. 

We stress that argument Ç of Perelomov coherent states belongs to an interior of unit circle 
on complex plane \Ç\ < 1, where as in the case of Barut - Girardello coherent states one has 
zeC. 

6 Meixner - Pollaczek oscillator and its coherent states 
6.1 Meixner - Pollaczek polynomials 

Meixner - Pollaczek polynomials [Sü] are defined by hypergeometric function: 

1 - e~ 2i ^J , (73) 
and connected with Meixner polynomials (|ÏÏJ) by the relation 



-n,i/+i£, 
2v 



e 



-inip 



K&\ V) = -^(2v)nM n (tÇ-v;2»,e- 2 ^)- (74) 



The orthogonality relation for Meixner - Pollaczek polynomials has the form [y > 0, < ip < n) 
1 i 00 V(n 4- liA 

- jj^\T (v + ^P X , ^ =J A-^±S m ,. (75) 

These polynomials satisfy the recurrent relations 

£P n ^; <p) = b n P^- <p)-a n P^; <p) + c n P n %(£; <p); P» ü & <p) = 1, (76) 
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where 

. — ?1 -I - 1 Th ~\- — 1 

à n = (n + u)ctgip, b n = — , c n = — — , (77) 

2 sin tp 2 sin ip 

and have the following symmetry property 

Pn{-t\ -<P) = K{Z\ V>)> (78) 

Renormalized (according polynomials 



71 ' 

P·.M·· r) = P n(^<P)]l^ "> U: ('9) 

satisfy the symmetric recurrent relations 

£P^; <p) = a n P: +1 (Ç; tp) - a n P^; <p) + a n ^P^ <p); í>(£; <p) = 1, (80) 

where 

y/(n + l)(2z/ + n) 

Oi n = 7T-- • 81 

2 sm ip 

For renormalized Meixner - Pollaczek polynomials the orthogonality relation becomes 

/oo 
Piït\ ¥0^(6 titiàt) = Sm,n, (82) 
-oo 

where 

MdO = ^7^ e(2V "^(2 sin pf^ (83) 
Let H p be the Hilbert space 

H p = £ 2 (R,//(d£)). (84) 

In what follows we shall consider unitary transformation V : 7i M — > 7i p . Note that the param- 
eter 7 included in recurrent relations (fT3|) and (J2TJ) (for M n and M n , accordingly) is equal to 



e 2ltp . So for v /7 = ve^ it is possible to choose two vàlues 

±Vï=Te~ líp . (85) 
From (}2Tj) choosing a minus sign, we obtain a recurrent relations 

£M-(£; 0, 7) = -ia„M- +1 (e; /?, 7) - (m n + i/)M~(£; (3, 7) - i^-ititó ^> 7); (86) 
and from (jll·l)) choosing a plus sign, we obtain a recurrent relations 

ÇM+(£; P, 7) = *a n M+ +1 (Ç; 0, 7) - (íà n + ^)M+(£; P, 7) + 2a n _ 1 M+_ 1 (Ç; /?, 7)- (87) 
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These relations differs by a choice of value Ve 2lLp , (0 < < tx). 
Taking into account (JTTJ) , from (fTij) it follows that 



Than we can define unitary transformation V by the relation 



PZ(Ç,<p)=M;(iÇ-v,2u,e 



-2i(p\ 



VM-(Ç,2v, e 



-2i(p\ 



Note that we choose in (|85|l a minus sign, appropriate to polynomials M~, which satisfy 
recurrent relations (|SK|l. because the choice of a plus sign (i.e. polynomials M+, satisfying 
the recurrent relations í)87p) implies a contradiction. Indeed, in this case from f)87j) follows 

M+(f , 2z/, e~ 2 ^) = Af-(£, 2i/, e" 2 ^) and then 



yM+(e,2z/,e- 2 ^) = (-irM-((ze-//),2z/,e- 2 ^) ^ AÇ((i£ - i/), 2i/, e" 2 ^). 



-2iip\ 



It is relevant to note that transition from discrete orthogonality relations (JEU) for Meixner 
polynomials to continuous orthogonality relations (|82|) for Meixner - Pollaczek polynomials is 
anàlogues to Zommerfeld - Watson transformation in the scattering theory. To proving the 
unitarity of transformation V we substitute (fSHJ) in orthogonality relation (jH2J) 

M n (±i£ - ï/; 2v- e-^)M m {±%Í - v- 2u; e" 2 ^)/^) = <5 m , n . (89) 



(i/ + a) 

(" + 3) 
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Note that \T(u + i£)\ 2 = T(v + i£)T(v — iÇ) and integrand in the left part of the formula 
is analytical function on all complex plane except the points = —i{k + u), (k > 0) on 
the imaginary axis in which it has poles of the first order. Taking into account the asymptotic 

behaviour of Gamma-function at infinity we can replace a contour of integration C2 by a contour 

00 

C — U Ik, where - a circle with the centre in a point and a radius r < Then, applying 

k=0 

the residue theorem, we received 



00 „ 00 
1 = ^2 f F((;v;(p)d(p = 2m^2ResF . (90) 

l — n " lli-. l — n C— Cfc 



k=0 " l k k=0 

Because 

Res(r^-iO) = ( ^n L h k = 0,l,..., (91) 

C=ç fc k\ 

and other factors in F are analytical functions, we obtain (fTüj) from (jüÜJ). Thus unitarity of 
transformation V' 1 : 7ip — > TÍm is proved (compare with [HI]). 

6.2 Meixner - Pollaczek oscillator 

As above, we define in the Hilbert space H p : = L 2 (M,//(dO), considered Fock space, 

coordinate and momentum operators, ladder operators à~ and à + , and also Hamiltonian H p . 

Spectrum of the Hamiltonian H p is given by 

v nin + 2v) 

2 sm ip sm 

Note that the eigenvalues equation H p y = Xy for the operator H p is equivalent to the difference 
equation for Meixner - Pollaczek polynomials 

e i{p {y - iÇ)y(í + i) + 2i(£ cos <p - (n + v) sin <p)y(Ç) - e~ itp (u + i£)y{£ - i) = 0. (93) 

As above, we can introduce another Hamiltonian, connected with relativistic oscillator jlüj . 
For this purpose in the Hilbert space 7i p we define operators 

K p = \Í2 sin tpa+, K p = V2 sin tpàp, K p = ^[K p , K p ] = H p , (94) 

which fulfill the commutation relations of sp(2,M.) àlgebra 

[K P ,K P \=2K P , [K P ,K P ] = ±K P . (95) 

The Casimir operator takes the form 

K 2 = (K p r - {K p f - {K p )\ (96) 
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where 



Kf = 4«-iO, K* = -l{Kl + Kr). (97) 



Using the results of work we receive from relations (J9~4j) . (JÏÏ5|) . (j4lj) and (f?4|) 

ÍTj = y^y- 1 , K p = t/K M Í/- 1 , H p = VH M V-\ (98) 
Recali that from (JHTj) and (fi3j) for 7 = e -2 *^ /3 = 2v we obtain 

ò± = =Fza n , = ia n + v . (99) 

Then from recurrent relations (IT3l) and (l86l) we have 



\VÍV~ X ) P^; <p) = VÇM-(Ç,2v,e- 2 ^) = 
= V (-m„M- +1 (Ç, 2v, e~ 2i n - (m n + u)M~^, 2u, e~ 2 ^) - ia^M^, 2v, e" 2 *)) = 

= -l (a n P„Vl(C; V>) - *nP U n{í\ <f) + «n-l^-l(Ç; <f)) ~ <f) ■ (100) 

From (jlOOj) and (|7fi|) it follows that (for any vàlues of (p) the operator which is unitary equivalent 
to the " coordinate" operator in the space 7i p acts in not natural way (it is not the operator of 
multiplication on independent variable). Only for £ = ~ + kn we have 

V£V~ l = (-iÇ-v). (101) 

Therefore in what follows we shall consider the operator V only with £ = §• Further we have 

Ve^V- x P^,ip) = Ve d m-(^2u,e- 2 ^) 
= VM~ (£ + 1, 2zv, e" 2 ^) = (-1)"M- + 1) - v, 2u, e" 2 ^) 

Similarly, we receive 

Ve'^V- 1 = e~ id í. 

Finally, we have 

Vty- 1 = -i£ - u, Ve^V- 1 = e ±i8 t. (102) 
From these relations, taking into account (jHH) - ()44jl . we get an explicit realization of operators 
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K+, K p , H p as difference operators in Ti 1 



k p = K p = l -{u- iOé 9 * - 1(1/ + i0e- i9 t + Ç, 



k p = K 1 



/> ,,/> _ id e , ^±Ü e -^ 

2 2 



(103) 
(104) 
(105) 



These operators act on normalized Meixner - Pollaczek polynomials according to 



K +K = JOS = "/*(" " 1)^-1. H P n = (" + ^ (106) 

To compare our results with the ones from the work of N.M.Atakishiev and S.K.Suslov [4*üj . 

o 

we introduce three auxiliary spaces. First of them - the Hilbert space 7i p = L 2 (d£) with the 
basis 



n=0 



where 



Using the unitary operator 



and inverse of it 



we define operators 



w : n p -> n 1 



\V{u-ij)\2 v 
V^ï>) 

= gï>: = $ 



K P = WK P W'\ K p _ = WK P W~\ H p = WE P W~ X 



Because 



Wé^W' 1 = \u - 1 +iÇ\e*°t, We-™*W 



i de 



■idejir-1 



(107) 
(108) 

(109) 
(110) 

(111) 
(112) 



and taking into account relations (jl03j) - (jl05|) . we obtain the explicit form for operators (jlll|) 
at ip = f 



k p = KÍ 



k p = K p 

o 

,P _ uP 



2\v + i£\ 



1(^-^)|^- l + ^|e ia « + ^ 



1 v + ií 



2\v + iÇ\ 



(113) 
(114) 
(115) 
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o o 

Let us denote by 7í p the space 7í p with the following choice of parameters 

= i = l u(u-l) = \-\ (116) 

o 

Let us choose in the space 7í p a new basis 

^ n = s$ v n = $- e iargr{ ^ ) , n = 0,1,2,.... (117) 

By the action of the unitary operator S = e iargr< ^ +1 ^ the difference operators e ±t9 z are trans- 
formed according to 

Se^S^ 1 = e iargr( > u+i ^e id!í e~ ia " rgr( ' u+i ^ = 

— e íarg(z/-l+iÇ) e iargr(í/+iÇ) e -iargr(i/+iÇ) e í 9í — giarg^-l+iÇ) giSç . (H8) 

Se'^S^ 1 = e íargr ^ +í ^e~ í9í e~* argr ^ +í ^ = e íar s(" -í £) e ~ i9 £. (H9) 

o 

Then Hamiltonian H p (|115jl became 

°h p = SVS' 1 = i {v(y - 1) + ü + C 2 ) + l -e~^. (120) 

o 

In the space 7í p Hamiltonian ()120|) takes the form 

°h P A = l + 4 + ?T) + ~e-^. (121) 



2 Va 4 a x 2 J 2 

To check that our Hamiltonian coincides with Hamiltonian from the work jlü] it is necessary 

o 

to pass to the space 7í p by unitary transformation Va '■ Ti, p ~^ H p , such that 

(f>i = V A }n= V(x) in, (122) 



where 

■x 1 ° X Tï 



V ( X ) = X 2 ^, K= -)e iargr ^. (123) 



Under this transformation we have 



V A é xa *Vr l = ri(x)e^TTHx) = V ^ ^ e lXd * = AV A& ; (124) 

r]{x + iX) 

V A e~ iXd *V A - x = r](x)e- ïAa ^- 1 (x) = V ^ - e~ iXd * = X- 2 e~ iXd *. (125) 

i](x — iX) 

Finally, we have 

h P A = V A h p V^ = \ (1 + rXx + z 2 ) e™- + ^e-^ = 

= ^ch(iXd x ) + \{x + iX)xé xa ^ (126) 
X z 2 

that coincides with Hamiltonian of linear relativistic oscillator from the work jlü] (see the 
formula (4.1) in this work). 
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6.3 Coherent states for Meixner - Pollaczek oscillator 



We shall restrict ourself to construction of Barut - Girardello coherent states for Meixner - 

o 

Pollaczek oscillator in the space H p at ip = §. We have 

k p \z) = z\z). (127) 
The series representat ion of the coherent state \z) by the Fock basis l \z) = P%(£, § ) \ in the 

L ) n=0 

o 

space TL P looks like 



oo 

Z 



)=^-\\A 2 )J^ {ii{n _ l) y \n), ^n) = ^(n + l)(n + 2u) (128) 



OO 



\z\ 2n \z\ 2n 



M\\Z\ 2 ) = Y ^ , = (2u) n y —P r. (129) 

^((Mn-1))!) 2 )n ^ Q n\T(n + 2u) 

The radius of convergence of the series in ()129|) is equal to R = oo. Taking into account (JMJ), 
we obtain 

r2n , 2 ,_ T(2u) 



A/- 2 (M 2 ) = t^T W2|z|). (130) 



As result we have 



i 



\Z\ 1 V^/ 



v /r(2/v)/ 2 ,_ 1 (2|z|) ^ v^K^X 



v /r(2/y)/ 2 ,_ 1 (2|2|) ^ v^K^ 

Then from the relation 



we obtain 



M~ (z£ - is, 2v- -1) = \\ ^pM n (^ - !/, 2^; -1) 



> /T(2i/)/ 2l/ _i(2|z|) ^ v^í 



UI""' 

e 



i2 7? í «ç- 1 ' 

1*1 l 2u 



'V{2v)I 2v ^{2\z\) 
An overlapping of two coherent states is defined by a relation 



2iz . (132) 



i 



(zi\z 2 ) = / 2 ^i(2 v / ïïi 2 ) [J 2 „-i(2|zi|) / 2v -i(2|^|)]-ï . (133) 
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